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In this paper, by minimizing the coherence quantifiers over all states in an ǫ ball around a given
state, we define a generalized smooth quantifier, called the ǫ-smooth measure of coherence. We
use it to estimate the difference between the expected state and the actually prepared state and
quantify quantum coherence contained in an actually prepared state, and it can been interpreted
as the minimal coherence guaranteed to present in an ǫ ball around given quantum state. We find
that the ǫ-smooth measure of any coherence monotone is still a coherence monotone, but it does
not satisfy monotonicity on average under incoherent operations. We show the ǫ-smooth measure
of coherence is continuous even if the original coherence quantifier is not. We also study the ǫ-
smooth measure of distance-based coherence quantifiers, and some interesting properties are given.
Moreover, we discuss the dual form of the ǫ-smooth measure of coherence by maximizing over all
states in an ǫ ball around the given state and show that the dual ǫ-smooth measure of coherence
provides an upper bound of one-shot coherence distillation.
PACS numbers:
I. INTRODUCTION
Quantum resource theory is an extraordinary frame-
work to build a rigorous quantification of distinct fea-
tures of quantum information theory [1–4]. The coherent
superposition is an essential ingredient for entanglement
and for several quantum features, and it does not present
in classical physics [5–7]. The resource theory of quan-
tum coherence is a vivid research topic [8, 9], and related
theories and various applications in this direction have
also been investigated [10–12].
In entanglement theory, the ǫ measure of entanglement
depends on a precision parameter ǫ, and it quantifies the
entanglement contained in a state which is only partially
known [13], and it and its variant have been applied and
further developed [14–23]. We know that the coherence
embodies the essence of entanglement in the multipar-
tite system, that is to say, we can also associate to every
coherence measure a family of measures which depend
on parameter ǫ. The ǫ version of every coherence quan-
tifier may be actually considered as a smoothed version
of the coherence quantifiers. Thus, we can consider ǫ
smooth for every coherence measure by either minimiz-
ing or maximizing the measure over all states in an ǫ ball
around a given state. There are two major motivations
for studying the ǫ-smooth measures of coherence.
First, we need to prepare the high-quality coher-
ence states in order to achieve useful quantum informa-
tion processing tasks, for example, quantum algorithms,
quantum metrology, and so on. In fact, we know that any
preparation apparatus has realistically only a certain de-
gree of precision and reliability, that is to say, there is
a certain distance between the expected state and the
actually prepared state. Then, we can estimate their dif-
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ference and quantify the coherence contained in actually
prepared state. The ǫ-smooth measure of coherence can
provide a bound of the coherence prepared in a state
with some threshold values ǫ. If one takes the minimum
over all states in an ǫ ball, then the ǫ-smooth measure of
coherence aims to characterize the minimum guaranteed
amount of coherence, given the promises that the state
which has actually been prepared is within a distance ǫ
from the expected state.
Another reason for studying the ǫ measure of coher-
ence is that not long after Baumgratz, Cramer, and Ple-
nio proposed the resource theory of coherence [9], Winter
and Yang established an operational theory of coherence
by introducing the coherence distillation and the coher-
ence cost (coherence dilution) [24]. In general, the dis-
tillable coherence cannot be larger than the coherence
cost, since the resources are finite and the number of in-
dependent and identically distributed prepared states is
necessarily limited. More importantly, it is very hard to
perform coherent state manipulations over a very large
numbers of systems. Therefore, it becomes crucial to be
able to characterize how well one can distill maximally
coherent states from prepared states, or how well one
can dilute a unit resource state to the target state. The
study of such nonasymptotic and especially one-shot sce-
narios has garnered great interest in quantum coherence,
in which one has access only to a single copy of a quan-
tum system and allows for a finite accuracy, reflecting
the realistic restrictions on state transformations. Zhao
et al. established the one-shot theory of coherence di-
lution [25], and Regula et al. characterized the distilla-
tion of quantum coherence in the one-shot setting [26].
Recently, Zhao et al. gave a full review for the prob-
lem of one-shot coherence distillation under four classes
of incoherent operations [27]. During the same period,
several authors also discuss the one-shot scenarios of as-
sisted distillable coherence [28, 29]. We know that the
smooth minimum and maximum relative entropies of co-
2herence play a significant role in the one-shot coherence
distillation and cost [25–29], In particular, Bu et al. in-
vestigated the minimum and maximum relative entropies
and gave an operational interpretation of the maximum
relative entropy of coherence [30].
The paper is organized as follows. We give the defini-
tion of the ǫ-smooth measure of coherence by minimizing
the coherence measures over all states in an ǫ ball around
a given state in Sec. II, and in Sec. III we discuss the prop-
erties of the ǫ-smooth measure of coherence. In Sec. IV,
we provide the lower and upper bounds which establish
a relation with the distance-based coherence quantifiers.
We discuss the dual form of the ǫ-smooth measure of co-
herence in Sec. V. Sec. VI is devoted to our conclusions.
II. THE DEFINITIONS OF ǫ-SMOOTH
MEASURES OF COHERENCE
We briefly give an account of the concepts that are
required to derive our main results. We are concerned
with the resource theory of coherence by described in
Refs. [9, 11]. Consider a finite d-dimensional Hilbert
space H with a fixed reference basis {|i〉}di=1, in which
the set of incoherent states I is defined as the set of all
the states of the form,
δ =
∑
i
δi|i〉〈i|, (1)
where δi are probabilities, and
∑
i δi = 1. Let D be the
convex set of density operators acting on Hilbert space
H; we then have I ⊂ D. Any state which cannot be
written as above is defined as a coherent state, which
means the coherence is basis dependent. Baumgratz et
al. proposed that any proper measure of the coherence
C must satisfy the following conditions [9]:
(C1) Non−negativity : C(ρ) > 0 for all quantum states
ρ, and C(ρ) = 0 if and only if ρ ∈ I.
(C2) Monotonicity : C(ρ) is nonincreasing under inco-
herent operation Λ, i.e., C(ρ) > C(Λ(ρ)).
(C3) Strong monotonicity : C(ρ) is nonincreasing on
average under selective incoherent operations, i.e.,
C(ρ) > ∑k pkC(ρk), where ρk = KkρK†k/pk and
pk = Tr(KkρK
†
k) for all {Kk} with
∑
kK
†
kKk = I
and KkIK†k ⊆ I.
(C4) Convexity : C(ρ) is a convex function of quantum
states, i.e.,
∑
i piC(ρi) > C(
∑
i piρi) for any ensem-
ble {pi, ρi}.
Note that conditions (C3) and (C4) automatically im-
ply condition (C2). It has been shown that the relative
entropy and l1-norm satisfy all conditions [9]. Recently,
we have found that the measure of coherence induced by
the fidelity does not satisfy condition (C3), and an ex-
plicit example is presented [31]. In general, if a quantity
C fulfills condition (C1) and either condition (C2) or (C3)
(or both), we say this is a coherence monotone, and if a
quantity C fulfills conditions (C1)-(C4), we say this is a
coherence measure. For more discussion we refer to two
reviews [11, 12].
We know that the distance D is a very important tool
in metric theory, and it is applied in many respects in
information theory [32, 33]. The distance needs to sat-
isfy non-negative, symmetric, and triangle inequality. We
know that some functions do not satisfy the fundamental
conditions of the distance, but they are still widely used
in information theory, e.g. the relative entropy. In this
paper, we require that the distance D is also convex or
jointly convex, that is,
D
(∑
i
λiρi,
∑
i
λiτi
)
6
∑
i
λiD(ρi, τi), (2)
where λi ≥ 0 and
∑
i λi = 1. Furthermore, we also re-
quire that the distance D is contractive under completely
positive and trace-preserving operations Φ, that is,
D(Φ(ρ),Φ(τ)) 6 D(ρ, τ). (3)
Clearly, the trace distance meets our all requirements [32,
33]. It is defined by
Dtr(ρ, τ) =
1
2
Tr|ρ− τ |, (4)
where |X | =
√
X†X. With the definition of coher-
ence measure at hand, we present the definition of the
ǫ smooth to all coherence measures by minimizing over
all states in an ǫ ball around ρ as follows.
Definition 1. For every coherence measure C, and any
ǫ > 0, and fixed distance D, the ǫ-smooth measures of
coherence are defined as
C(D)ǫ,min(ρ) = min
τ∈B(D)ǫ (ρ)
C(τ), (5)
where Bǫ(ρ) = {τ |D(ρ, τ) 6 ǫ}.
Note that the distance and the measure function of
coherence may be the same, or they can also be dif-
ferent. Henceforth, we will omit the superscript D to
avoid unnecessary misunderstands. Intuitively, the ǫ-
smooth measure of coherence Cǫ,min describes the min-
imal amount of coherence guaranteed to present in an ǫ
ball around the given quantum state ρ. This construc-
tion gives a technique to obtain a smooth function even
when the original measure C is not. This is consistent
with the entanglement case [13] and it is similar to the
smooth version of coherence in the one-shot coherence
scenarios [25–30].
Obviously, for ǫ = 0, they reduce to the nonsmooth
cases, we have C0,min(ρ) = C(ρ). If the parameter ǫ is
so large that there is a incoherent state in Bǫ(ρ), we
find that Cǫ,min(ρ) vanishes on all the set of states D.
3In general, for a fixed coherent state ρ, we are typically
interested in values of ǫ that are smaller than the distance
of the state ρ from the set of coherent states, that is,
ǫ 6 D(ρ, δ), where δ ∈ I. Thus, we can give an order
relation of the ǫ-smooth measure of coherence via the
different parameters.
Proposition 2. For any ǫ > ǫ′ > 0, we have
0 6 Cǫ′,min(ρ)− Cǫ,min(ρ) 6 ǫ− ǫ
′
ǫ
C(ρ). (6)
Proof. Since ǫ > ǫ′ > 0, then we have Bǫ′(ρ) ⊆ Bǫ(ρ),
this implies that
Cǫ,min(ρ) 6 Cǫ′,min(ρ). (7)
Then we will prove the rightmost hand of inequality. Sup-
pose that the state τ ∈ Bǫ(ρ) such that Cǫ,min(ρ) = C(τ),
then we denote λ = ǫ′/ǫ and take the state τλ =
λτ + (1 − λ)ρ. Since the distance D is jointly convex,
then we obtain
D(ρ, τλ) 6 λD(ρ, τ) 6 ǫ
′. (8)
This implies that the state τλ ∈ Bǫ′(ρ). Further, we have
Cǫ′,min(ρ) 6 λC(τ) + (1− λ)C(ρ)
6 Cǫ,min(ρ) + (1− λ)C(ρ). (9)
Thus we have
Cǫ′,min(ρ)− Cǫ,min(ρ) 6 ǫ− ǫ
′
ǫ
C(ρ). (10)
Combining Eq. (7) with Eq. (10), we obtain the desired
result.
III. BASIC PROPERTIES
In this section, we will list some basic properties of the
ǫ-smooth measure of coherence.
Proposition 3. For any quantum state ρ, Cǫ,min(ρ) is
non-increasing under incoherent operation Λ, i.e.,
Cǫ,min(ρ) > Cǫ,min(Λ(ρ)). (11)
Proof. Suppose that the state τ∗ ∈ Bǫ(ρ) realizes the
minimum for the associated ǫ measure Cǫ,min(ρ), i.e.,
Cǫ,min(ρ) = C(τ∗). (12)
Since the distance D is contractive under incoherent op-
eration Λ, it follows that
D(Λ(ρ),Λ(τ∗)) 6 D(ρ, τ∗) 6 ǫ. (13)
Thus we have
C(τ∗) > C(Λ(τ∗))
> min
τˆ∈Bǫ(Λ(ρ))
C(τˆ )
= Cǫ,min(Λ(ρ)). (14)
From Eq. (12), we obtain the desired result.
From Propositions 2 and 3, we know that the ǫ-smooth
minimum measure of coherence Cǫ,min satisfies conditions
(C1) and (C2), which implies that the ǫ-smooth measure
of coherence Cǫ,min is a coherence monotone. But the
following result shows that this measure does not satisfy
condition (C3).
Proposition 4. The ǫ-smooth measure of coherence
Cǫ,min does not satisfy strong monotonicity .
Proof. Let us suppose a state ρ, and
ρ = η|0〉〈0| ⊗ ρc + (1− η)|1〉〈1| ⊗ δ, (15)
where η ∈ (0, 1], |0〉 and |1〉 are orthogonal states of a
local qubit system. Here, we require that Cǫ,min(ρc) > 0.
Note that the state δ is an incoherent state, where we
have Cǫ,min(δ) = 0. Without loss of generality, if one
considers the trace distance, we have Dtr(ρ, |1〉〈1| ⊗ δ) =
η. Thus we say that the parameter η is small enough so
that the incoherent state |1〉〈1|⊗δ ∈ Bǫ(ρ), which implies
that the following equality holds, i.e.,
Cǫ,min(ρ) = 0. (16)
Then one can perform an incoherent operation with the
Kraus elements |0〉〈0| ⊗ I and |1〉〈1| ⊗ I on the state ρ,
the two outputs of such measurement are |0〉〈0| ⊗ ρc and
|1〉〈1| ⊗ δ with probabilities η and 1 − η, respectively.
Then, we have
ηCǫ,min(|0〉〈0| ⊗ ρc) + (1− η)Cǫ,min(|1〉〈1| ⊗ δ)
= ηCǫ,min(ρc) + (1− η)Cǫ,min(δ)
= ηCǫ,min(ρc). (17)
The above equality together with the fact the
Cǫ,min(ρc) > 0 and Eq. (16) implies that we obtain our
desired result.
Note that the first equality in Eq. (17) arises from the
following relation, i.e.,
Cǫ,min(|0〉〈0| ⊗ ρ) = Cǫ,min(ρ). (18)
In fact, for any two states |0〉〈0| ⊗ τ and τ ′ ⊗ τ in
Bǫ(|0〉〈0| ⊗ ρ)), we have
C(τ) = C(|0〉〈0| ⊗ τ) 6 C(τ ′ ⊗ τ). (19)
Thus we have
Cǫ,min(|0〉〈0| ⊗ ρ) = min
τ˜∈Bǫ(|0〉〈0|⊗ρ)
C(τ˜ )
= min
τ∈Bǫ(ρ)
C(|0〉〈0| ⊗ τ)
= min
τ∈Bǫ(ρ)
C(τ)
= Cǫ,min(ρ). (20)
In general, we can not obtain that the ǫ-smooth measure
of coherence Cǫ satisfies the additive, i.e.,
Cǫ,min(ρ⊗ σ) = Cǫ,min(ρ) + Cǫ,min(σ). (21)
4From the above result, according to the resource theory
of coherence, although we have known that the ǫ-smooth
measure of coherence Cǫ,min is not a proper coherence
measure, the following result shows that it satisfies the
convexity.
Proposition 5. The ǫ measure of coherence Cǫ,min is
convex, i.e.,
Cǫ,min
(∑
i
λiρi
)
6
∑
i
λiCǫ,min(ρi), (22)
where λi > 0 and
∑
i λi = 1.
Proof. Suppose that the states τ∗i ∈ Bǫ(ρi) realize the
minimum in Cǫ,min(ρi), i = 1, · · · , n. For every i, then
we have
Cǫ(ρi) = C(τ∗i ). (23)
Since the distance D is joint convexity, we have
D
(∑
i
λiρi,
∑
i
λiτ
∗
i
)
6
∑
λiD(ρi, τ
∗
i ) 6 ǫ. (24)
This implies that the state
∑
i λiτ
∗
i ∈ Bǫ(
∑
i λiρi). Thus
we have
Cǫ,min
(∑
i
λiρi
)
6 C
(∑
i
λiτ
∗
i
)
6
∑
i
λiC(τ∗i )
=
∑
i
λiCǫ,min(ρi). (25)
The ǫ-smooth measure of coherence Cǫ,min is not a
proper coherence measure form the axiomatic require-
ment in [9], but the convex property holds such that it
is still a good coherence monotone. We also know strong
monotonic measures that are convex will satisfy the con-
dition (C2) and do not need to considered separately. In
the following we will prove that other possibly relevant
properties of the original quantity C hold for Cǫ,min too.
Proposition 6. The ǫ-smooth measure of coherence
Cǫ,min is continuous in ǫ and ρ, for all ǫ and for all ρ.
Proof. From Proposition 2, for fixed ρ, we can directly
prove that,
|Cǫ,min(ρ)− Cǫ′,min(ρ)| → 0, (26)
as ǫ′ → ǫ.
Then, we want to prove that for any ǫ > 0, and for any
state ρ,
|Cǫ,min(ρ′)− Cǫ,min(ρ)| → 0, (27)
as D(ρ, ρ′)→ ǫ, for fixed ǫ > 0, and τ ∈ Bǫ(ρ) such that
Cǫ,min(ρ) = C(τ). We denote η = D(ρ′, ρ), λ = ǫ/(ǫ+ η),
and take the state τλ = λτ +(1−λ)ρ′, since the distance
D is convex, and then we have
D(ρ′, τλ) 6 λD(ρ′, τ)
6 λ(D(ρ′, ρ) +D(ρ, ρ′))
6 λ(ǫ + η) = ǫ. (28)
This implies that the state τλ ∈ Bǫ(ρ′), and we have
Cǫ,min(ρ′) 6 λC(τ) + (1− λ)C(ρ′)
= λCǫ(ρ) + (1− λ)Cǫ(ρ′). (29)
Thus we have
Cǫ,min(ρ′)− Cǫ,min(ρ) 6 η
ǫ+ η
(C(ρ′,min)− Cǫ,min(ρ)).
(30)
By exchanging the role of ρ and ρ′, we have
− η
ǫ+ η
(C(ρ)− Cǫ,min(ρ′)) 6 Cǫ,min(ρ′)− Cǫ,min(ρ) (31)
TakingM = max{C(ρ)−Cǫ,min(ρ′), C(ρ′)−Cǫ,min(ρ)}, we
have
|Cǫ,min(ρ′)− Cǫ,min(ρ)| 6 η
ǫ+ η
M. (32)
Thus we obtain our desired result.
This shows that the ǫ-smooth measure of coherence
Cǫ,min is always a continuous function of the parameter
ǫ and the state ρ, even though the original quantity C is
noncontinuous or no one can presently prove it is continu-
ous, (e.g., Robustness of coherence [37] and the coherence
number [38, 39], to our knowledge, no one can prove that
robustness of coherence is continuous.). This result holds
for any choice of distance D and for all bounded and con-
vex coherence monotone. This contrasts with the case of
entanglement [13]. We say that a significant advantage
of the ǫ generalization of quantum resource monotones
is to allow one to transform noncontinuous quantity into
continuous ones.
IV. DISTANCE-BASED COHERENT
MEASURES
Let us consider the family of distance-based coherence
quantifier, as introduced in [9, 11, 12], defined by
CD(ρ) = inf
δ∈I
D(ρ, δ), (33)
where the infimum is taken over the set of incoherent
states I. Clearly, any quantity defined in (33) fulfills con-
dition (C1) for any distance D which is non-negative and
zero and only if ρ = δ. The condition (C2) is also satis-
fied if the distance D is contractive. Any distance-based
coherence quantifier fulfills condition (C4) whenever the
5corresponding distance D is jointly convex. There are
already three important distance-based coherence quan-
tifiers: the l1 norm of coherence [9], geometric coherence
via the fidelity [9, 31, 40], AND THE trace distance of
coherence [9, 35].
We know that the definitions of incoherent operations
or free operations are not unique and there are different
choices [11]. Here we can define a particular incoherent
operation Λδp with any incoherent state δ and the param-
eter p ∈ [0, 1], that is,
Λδp(ρ) = (1 − p)ρ+ pδ. (34)
With this particular incoherent operation at hand, we
present an explicit evolutional relation of distance-based
coherence quantifier.
Proposition 7. Suppose the distance D is convex and
contractive. Given any state ρ and probability p, if δ∗
realizes the optimal in (33), then
CD(Λδ
∗
p (ρ)) = (1− p)CD(ρ). (35)
Proof. By the convexity of the distance D, we have
CD(Λδ
∗
p (ρ)) = inf
δ∈I
D(Λδ
∗
p (ρ), δ)
6 inf
δ∈I
[(1− p)D(ρ, δ) + pD(δ∗, δ)]
6 (1 − p)CD(ρ). (36)
On the other hand, by the triangle inequality and the
convexity of the distance D, we have
CD(Λδ
∗
p (ρ)) = inf
δ∈I
D(Λδ
∗
p (ρ), δ)
> inf
δ∈I
[
D(ρ, δ)−D(ρ,Λδ∗p (ρ))
]
> inf
δ∈I
D(ρ, δ)− pD(ρ, δ∗)
= (1 − p)CD(ρ). (37)
Thus we obtain our desired result.
We are now in a position to present lower and upper
bounds for the ǫ-smooth measure of coherence Cǫ via the
original measure C and the distance-based measure CD.
Proposition 8. Let C be a coherence measure and the
distance D be a convex and contractive, then the ǫ mea-
sure of coherence Cǫ satisfies
min
τ s.t.
CD(τ)=CD(ρ)−ǫ
C(τ)6Cǫ,min(ρ)6
(
1− ǫCD(ρ)
)
C(ρ), (38)
where CD(ρ) is the coherence quantifier associated to the
distance D.
Proof. By definition, for any state τ ∈ Bǫ(ρ), we have
Cǫ,min(ρ) 6 C(τ). (39)
Since the coherence measure C and the distance D are
convex, with the incoherent operation (34), we have
C(Λδp(ρ)) 6 (1− p)C(ρ) (40)
and
D(Λδp(ρ), ρ) 6 pD(ρ, δ). (41)
Since we require D(ρ, δ) > ǫ, then one can choice p such
that p 6 ǫ/D(ρ, δ) and we have D(Λδp(ρ), ρ) 6 ǫ. There-
fore we obtain
Cǫ,min(ρ) 6 min
Λδps.t.
D(Λδp(ρ),ρ)≤ǫ
C(Λδp(ρ))
6 min
Λδps.t.
D(Λδp(ρ),ρ)≤ǫ
(1− p)C(ρ)
6 min
δ
(
1− ǫ
D(ρ, δ)
)
C(ρ)
6
(
1− ǫCD(ρ)
)
C(ρ), (42)
where the minimum in the first and second inequalities
are taken over all the incoherent states δ and the param-
eter p via the condition D(Λδp(ρ), ρ) 6 ǫ, and the third
inequality comes from a restriction of the minimum to
the case where we fix the parameter p = ǫ/D(ρ, δ).
Next we prove the lower bound. Suppose that the state
ρ′ ∈ Bǫ(ρ) realizes the minimum for the quantifier Cǫ. We
then have
Cǫ,min(ρ) = C(ρ′) > C(Λδp(ρ′)). (43)
Without loss of generality, we assume that the incoherent
state δ∗ is optimal for CD(ρ′), and then we obtain
CD(ρ′) = D(ρ′, δ∗)
> D(ρ, δ∗)−D(ρ, ρ′)
> CD(ρ)− ǫ. (44)
We can take the parameter s = 1 − (CD(ρ) − ǫ)/CD(ρ′).
Obviously, we have 0 6 s 6 1. From Proposition 7, we
obtain
CD(Λδ
∗
s (ρ
′)) = (1− s)CD(ρ′) = CD(ρ)− ǫ. (45)
Therefore we have
Cǫ,min(ρ) = C(ρ′)
> C(Λδ∗s (ρ′))
> min
τ s.t.
CD(τ)=CD(ρ)−ǫ
C(τ). (46)
Thus we obtain our desired result.
Note that the lower and upper bound depend on the
fundamental properties of the distance, e.g., the symmet-
ric and the triangle inequality. In particular, if one con-
siders the distance-based coherence quantifier CD, from
6Proposition 8, we give the relation between the ǫ-smooth
measure of coherence Cǫ,min and the coherence quantifier
CD, namely,
CD(ρ) = Cǫ,min(ρ) + ǫ. (47)
Note that the relative entropy is not a proper distance
because it does not satisfy symmetric and triangle in-
equality, but the relative entropy of coherence [9] is also
viewed as a distance-based coherence quantifiers, and
there are many interesting properties [9, 11, 24, 30, 34].
Next we will discuss separately the ǫ generalization of
relative entropy of coherence. We first introduce the def-
inition of the relative entropy of coherence [9], which is
defined by
Cr(ρ) = min
δ∈I
S(ρ||δ), (48)
where S(τ ||δ) = Trρ(log2 ρ − log2 δ) is the relative en-
tropy, and supp(ρ) ⊆ supp(σ). Then we can rewrite def-
inition 1 via the relative entropy as follows.
Definition 9. For the relative entropy of coherence Cr,
and any ǫ > 0, we define
Cr,ǫ(ρ) = min
τ∈Bǫ(ρ)
Cr(τ), (49)
where Bǫ(ρ) = {τ |S(ρ||τ) 6 ǫ}, and we call it the ǫ-
smooth relative entropy of coherence.
We hope that there does not exist the incoherent state
in the ǫ ball around a given coherent state ρ; thus, for
any state τ ∈ Bǫ(ρ), we require that S(ρ||τ) 6 ǫ 6 Cr(τ).
Clearly, we know that the ǫ-smooth relative entropy of
coherence is non-negative and convex, and it is also non-
increasing under incoherent operation Λ. Since the rel-
ative entropy of coherence is continuous, it is easy to
verify that the ǫ-smooth relative entropy of coherence is
also continuous. We do not prove strong monotonicity,
but we can give a weak strong monotonicity.
Suppose that the state τ ∈ Bǫ(ρ) realizes the minimum
for the quantifier Cr,ǫ(ρ). We then have
Cr,ǫ(ρ) = Cr(τ). (50)
Let ρk = KkρK
†
k/pk with pk = Tr(KkρK
†
k), and τk =
KkτK
†
k/qk with qk = Tr(KkτK
†
k) for all Kraus operators
{Kk} with
∑
kK
†
kKk = I and KkIK†k ⊆ I. From the
properties of relative entropy [36], we have∑
k
pkS(ρk||τk) 6 S(ρ||τ). (51)
Since the state τ ∈ Bǫ(ρ), that is, S(ρ||τ) 6 ǫ, then
we could require S(ρk||τk) 6 ǫ for all k, which implies
that the states τk ∈ Bǫ(ρk). From the definition of the
ǫ-smooth relative entropy of coherence, we have
Cr,ǫ(ρk) 6 Cr(τk). (52)
Since the relative entropy of coherence is nonincreasing
on average under selective incoherent operations, we then
have ∑
k
qkCr,ǫ(ρk) 6
∑
k
qkCr(τk) 6 Cr(τ). (53)
Combining Eq. (50) with Eq. (53), we obtain∑
k
qkCr,ǫ(ρk) 6 Cr,ǫ(ρ). (54)
Note that if the probabilities qk are replaced with the
probabilities pk, this is a real strong monotonicity. This
is the reason we call it weak strong monotonicity. In
particular, if one considers the incoherent operation (34),
for the ǫ-measure relative entropy of coherence, we have
Cr,ǫ(Λδp(ρ)) 6 (1 − p)Cr,ǫ(ρ). (55)
Further, using the jointly convexity of relative entropy,
we have
S(ρ||Λδp(ρ)) 6 pS(ρ||δ). (56)
If we choose the parameter p = ǫ/D(ρ, δ), from Proposi-
tion 8 we obtain
Cr,ǫ(ρ) 6 Cr(ρ)− ǫ. (57)
V. THE DUAL FORM OF THE ǫ-SMOOTH
MEASURE OF COHERENCE
We have discussed the smoothed coherence quantifiers
with the minimal value in an ǫ ball, in this section we
will consider the maximal value case. This form is dual
to the ǫ-smooth measure of coherence in Eq. (10) as the
minimum over states in ǫ ball. This motivation comes
from the smoothed minimum and maximum relative en-
tropies of coherence (or entanglement), where there are
very significant applications in the one-shot coherence (or
entanglement) distillation and dilution [18–23, 25–30].
Definition 10. For every coherence measure C, and any
ǫ > 0 and fixed distance D, the dual ǫ-smooth measure of
coherence is defined as
Cǫ,max(ρ) = max
τ∈Bǫ(ρ)
C(τ). (58)
Obviously, for ǫ = 0, we have C0,max(ρ) = C0,min(ρ) =
C(ρ). If the parameter ǫ is so large that there is a maxi-
mally coherent state in Bǫ(ρ), we are likely to get
Cǫ,max(ρ) = log2 d. (59)
This means that the dual ǫ-smooth measure of coher-
ence is not a coherence monotone, as it indeed violated
condition (C1). For a given coherent state ρ, we have
C0,max(ρ) > 0. But the converse direction may not be
7true. Suppose that |0〉 and |1〉 are a fixed orthonor-
mal basis in a qubit system, and let |a〉 = |0〉 and
|b〉 = cos θ|0〉 + sin θ|1〉, where θ ∈ (0, π2 ). Clearly,
we have C(|a〉) = 0 and C(|b〉) > 0. Since we have
Dtr(|a〉, |b〉) = | sin θ|, for a given ǫ, by some choices of
θ, we have | sin θ| 6 ǫ. This implies that |b〉 ∈ Bǫ(|a〉).
Therefore we have
Cǫ,max(|a〉) > C(|b〉) > 0. (60)
In addition, from the definition of the dual ǫ-smooth
measure of coherence, we cannot prove that this quan-
tifier is monotone under the incoherent operations. For
every incoherent operation Λ, if one takes
Bǫ(Λ(ρ)) = {Λ(τ)|τ ∈ Bǫ(ρ)}, (61)
within this limitation, we obtain the following result.
Proposition 11. For any incoherent operation Λ, we
have
Cǫ,max(ρ) > Cǫ,max(Λ(ρ)). (62)
Proof. Setting Λ(τ∗) as the optimal state in the definition
of Cǫ,max(Λ(ρ)), we have
Cǫ,max(Λ(ρ)) = C(Λ(τ∗))
6 C(τ∗)
6 max
τ∈Bǫ(ρ)
C(τ)
= Cǫ,max(ρ). (63)
In the first inequality we used that the coherence measure
C is monotone under the incoherent operation Λ, and the
second inequality comes from our hypothesis (62), that
is, τ∗ ∈ Bǫ(ρ).
The question we were interested in is whether its vari-
ous forms can play a significant role in the one-shot coher-
ence distillation. Intuitively, the dual ǫ-smooth measure
of coherence Cǫ,max is generalization of the ǫ-smooth min-
imum relative entropy of coherence [25–30]. If one takes
the coherence quantifier C by the minimum relative en-
tropy and considers the purified distance, then the dual
ǫ-smooth measure of coherence reduces to the smoothed
minimum relative entropy of coherence [27]. This quan-
tity has some interesting properties in the manipula-
tion of coherence. It provided an upper bound of one-
shot coherence distillation, and in the asymptotic limit
the smoothed minimum relative entropy of coherence is
equivalent to the relative entropy of coherence [30]. Then
the next definition formalizes the notion of the one-shot
coherence distillation under the fixed distance D and any
coherence measure C.
Definition 12. The one-shot coherence distillation of ρ
under the fixed distance D, any coherence measure C, and
a class of quantum incoherent operations Λ is defined as
C(1),ǫd,Λ (ρ) = maxΛ {cM : D(Λ(ρ),ΨM ) 6 ǫ}, (64)
where ΨM is a maximally state rank M on Hilbert space,
and |ΨM 〉 = 1√
M
∑
i |i〉, and cM = C(ΨM ).
Remarkably, our Definition 12 is a generalization of the
one-shot coherence distillation in [26, 27, 30]. The below
result relates the dual ǫ-smooth measure of coherence to
the one-shot coherence distillation under quantum inco-
herent operations. Here, we require quantum incoherent
operations satisfy the condition in Proposition 11.
Proposition 13. For any state ρ and any ǫ > 0, we
have
C(1),ǫd,Λ (ρ) 6 Cǫ,max(ρ). (65)
Proof. Suppose Λ∗ is the optimal incoherent operation
such that D(Λ∗(ρ),ΨM ) 6 ǫ with cM = C(ΨM ) =
C(1),ǫd,Λ (ρ), then we have ΨM ∈ Bǫ(Λ∗(ρ)). From Proposi-
tion 11 we have
Cǫ,max(ρ) > Cǫ,max(Λ∗(ρ))
= max
Λ∗(τ)∈Bǫ(Λ∗(ρ))
C(Λ∗(τ))
> C(ΨM )
= C(1),ǫd,Λ (ρ). (66)
Thus we obtain our desired result.
This shows that the dual ǫ-smooth measure of coher-
ence Cǫ,max can estimate the maximum amount of max-
imally coherent states created for a reliable coherence
distillable protocol.
Similarly, we find that the ǫ-smooth measure of coher-
ence gives a lower bound of the one-shot coherence cost
under quantum incoherence operations. We define the
one-shot coherence cost of a quantum state ρ as follows.
Definition 14. The one-shot coherence cost of ρ under
the fixed distance D, any coherence measure C, and quan-
tum incoherence operation Λ is defined as
C(1),ǫc,Λ (ρ) = minΛ {cM : D(ρ,Λ(ΨM )) 6 ǫ}. (67)
Remarkably, our Definition 14 is a generalization of the
one-shot coherence cost in [25, 30], where they consider
the fidelity as a distance. Then the following result re-
lates the ǫ-smooth measure of coherence to the one-shot
coherence coherence under quantum incoherent opera-
tions.
Proposition 15. For any state ρ and any ǫ > 0, we
have
Cǫ,min(ρ) 6 C(1),ǫc,Λ (ρ). (68)
Proof. Suppose Λ∗ is the optimal incoherent operation
such that D(ρ,Λ∗(ΨM )) 6 ǫ with cM = C(ΨM ) =
8C(1),ǫc,Λ (ρ). This means that Λ∗(ΨM ) ∈ Bǫ(ρ), and then
we have
Cǫ,min(ρ) 6 C(Λ∗(ΨM ))
6 C(ΨM )
= C(1),ǫc,Λ (ρ). (69)
Thus we obtain our desired result.
This shows that the ǫ-smooth measure of coherence
Cǫ,min provides a lower bound of the minimum amount
of maximally coherent states needs for faithful coherence
cost (or dilution).
VI. CONCLUSIONS
We have introduced the ǫ-smooth measure of coherence
via the original coherence quantifier. The ǫ-smooth mea-
sure of coherence of a given quantum state could have
been interpreted as the minimum guaranteed coherence
contained in the actually prepared state when we only
know that it is ǫ close to the ideal target state. We have
shown that the ǫ-smooth measure of any coherence mono-
tone is still a coherence monotone. We have proved that
the ǫ-smooth measure of coherence quantifier does not
satisfy monotonicity on average under incoherent opera-
tions. In particular, we found that the ǫ measure of rel-
ative entropy of coherence satisfies a weak monotonicity
on average under incoherent operations. We also proved
that the ǫ measure of a convex coherence monotone is
continuous, and thus it can also be seen as a smooth ver-
sion of the original non-continuous quantity. We have
given a lower and upper bound of the ǫ-smooth mea-
sure of distance-based coherence quantifier. We have dis-
cussed the dual form of the ǫ-smooth measure of coher-
ence and have shown that it provides an upper bound of
the one-shot coherence distillation. Similarly, we also got
that the ǫ-smooth measure of coherence gives an lower
bound of the one-shot coherence cost.
We believe that the results obtained will help to under-
stand quantum resource theory. As potential next steps,
our results could be extended to an infinite-dimensional
system or continuous setting. We can also discuss the
regularized version of the ǫ-smooth measure of coherence
and its applications in quantum information processing.
VII. ACKNOWLEDGMENTS
We acknowledge X.-M. Lu for the insightful discus-
sions. Z. Xi is supported by the National Natural Sci-
ence Foundation of China (Grants No. 61671280, No.
11531009, and No, 11771009), the Natural Science Ba-
sic Research Plan in Shaanxi Province of China (No.
2017KJXX-92), the Fundamental Research Funds for the
Central Universities, and by the Funded Projects for the
Academic Leaders and Academic Backbones, Shaanxi
Normal University (16QNGG013).
[1] F. G. S. L. Branda˜o and G. Gour, Reversible framework
for quantum resource theories, Phys. Rev. Lett. 115,
070503 (2015).
[2] B. Coecke, T. Fritz, R. W. Spekkens, A mathematical
theory of resources, Inform. Comput. 250, 59, (2016).
[3] B. Regula, Convex geometry of quantum resource quan-
tification, J. Phys. A: Math. Theor. 51, 045303 (2018).
[4] E. Chitambar, and G. Gour, Quantum resource theories,
arXiv:1806.06107v1, (2018).
[5] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight.
Quantifying entanglement, Phys. Rev. Lett. 78, 2275
(1997).
[6] M. B. Plenio and S.Virmani, An introduction to entan-
glement measures, Quant. Inf. Comp. 7 1 (2007).
[7] R. Horodecki, R. Horodecki, M. Horodecki, and K.
Horodecki, Quantum entanglement, Rev. Mod. Phys. 81,
865 (2009).
[8] J. Aberg, Quantifying superposition, arXiv:0612146,
(2006).
[9] T. Baumgratz, M. Cramer, and M. B. Plenio, Quantify-
ing coherence, Phys. Rev. Lett. 113, 140401 (2014).
[10] G. Adesso, T. R. Bromley, and M. Cianciaruso, Measures
and applications of quantum correlations. J. Phys. A:
Math. Theor. 49, 473001 (2016).
[11] A. Streltsov, G. Adesso, and M. B. Plenio, Quantum
coherence as a resource, Rev. Mod. Phys. 89, 041003
(2017).
[12] M.-L. Hu, X. Hu, J.-C. Wang, Y. Peng, Y.-R. Zhang,
and H. Fan, Quantum coherence and geometric quantum
discord, Phys. Rep. 762, 1 (2018).
[13] C. Mora, M. Piani, and H. J. Briegel, Epsilon-measure of
entanglement, New J. Phys. 10, 083027 (2008).
[14] F. G. S. L. Branda˜o and M. B. Plenio, A generalization
of quantum Stein’s lemma, Commun. Math. Phys. 295,
791 (2010).
[15] C. Mora, M. Piani, A. Miyake, M. Van den Nest, W.
Du¨r, and H. J. Briegel, Universal resources for approxi-
mate and stochastic measurement-based quantum com-
putation, Phys. Rev. A 81, 042315 (2010).
[16] F. Buscemi and N. Datta, Entanglement cost in practical
scenarios, Phys. Rev. Lett. 106, 130503 (2011)
[17] M. Van den Nest, Universal quantum computation with
little entanglement, Phys. Rev. Lett. 110, 060504 (2013).
[18] N. Datta and R. Renner, Smooth entropies and the quan-
tum information spectrum, IEEE Trans. Inform. Theory,
55, 2807 (2009).
[19] N. Datta, Min- and max-relative entropies and a new
entanglement monotone, IEEE Trans. Inform. Theory,
55, 2816 (2009).
[20] R. Ko¨ing, R. Renner, and C. Schaffner, The operational
meaning of min- and max-entropy, IEEE Trans. Inform.
Theory, 55, 4337 (2009).
9[21] F. G. S. L. Branda˜o, and N. Datta, One-shot rates for
entanglement manipulation under non-entangling maps,
IEEE Trans. Inform. Theory, 57, 1754 (2011).
[22] F. Buscemi and N. Datta, General theory of
environment-assisted entanglement distillation, IEEE
Trans. Inform. Theory, 59, 1904 (2013).
[23] M. M. Wilde, M. Tomamichel, and M. Berta, Converse
bounds for private communication over quantum chan-
nels, IEEE Trans. Inform. Theory, 63, 1792 (2017).
[24] A. Winter and D. Yang, Operational resource theory of
coherence, Phys. Rev. Lett. 116, 120404 (2016).
[25] Q. Zhao, Y. Liu, X. Yuan, E. Chitambar, and X. F.
Ma, One-shot coherence dilution, Phys. Rev. Lett. 120,
070403 (2018).
[26] B. Regula, K. Fang, X. Wang, and G. Adesso, One-
shot coherence distillation, Phys. Rev. Lett. 121, 010401
(2018).
[27] Q. Zhao, Y. C. Liu, X. Yuan, E. Chitambar, and A.
Winter, One-shot coherence distillation: the full story,
arXiv:1808.01885v1 (2018).
[28] M. K. Vijayan, E. Chitambar, and Min-Hsiu Hsieh, One-
shot assisted concentration of coherence, J. Phys. A:
Math. Theor., 51, 414001 (2018).
[29] B. Regula, L. Lami, and A. Streltsov, Non-asymptotic
assisted distillation of quantum coherence, Phys. Rev. A
98, 052329 (2018).
[30] K. F. Bu, U. Singh, S.-M. Fei, A. K. Pati, and J. D. Wu,
Maximum relative entropy of coherence: an operational
coherence measure, Phys. Rev. Lett. 119, 150405 (2017).
[31] L. H. Shao, Z. Xi, H. Fan, and Y. M. Li, Fidelity and
trace-norm distances for quantifying coherence, Phys.
Rev. A 91 042120 (2015).
[32] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information, Cambridge University Press,
Cambridge, Eangland, 2000.
[33] M. M. Wilde, Quantum Information Theory, Cambridge
University Press, 2nd Edition, 2017.
[34] Z. Xi, Y. M. Li, and H. Fan, Quantum coherence and cor-
relations in quantum system. Scientific Reports, 5, 10922
(2015).
[35] S. Rana, P. Parashar, and M. Lewenstein, Trace-distance
measure of coherence, Phys. Rev. A 93, 012110 (2016).
[36] V. Vedral and M. B. Plenio, Entanglement measures and
purification procedures, Phys. Rev. A 57, 1619 (1998).
[37] C. Napoli, T. R. Bromley, M. Cianciaruso, M. Piani, N.
Johnston, and G. Adesso, Robustness of coherence: an
operational and observable measure of quantum coher-
ence, Phys. Rev. Lett. 116, 150502 (2016).
[38] Z. Xi, and S. Yuwen, Coherence measure: Logarithmic
coherence number, arXiv:1811.02242v1 (2018).
[39] S. Chin, Coherence number as a discrete quantum re-
source, Phys. Rev. A 96, 042336 (2017).
[40] A. Streltsov, U. Singh, H. S. Dhar, M. N. Bera, and G.
Adesso, Measuring Quantum Coherence with Entangle-
ment, Phys. Rev. Lett. 115, 020403 (2015).
